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Introduction
The dimensional inspection of nonrigid parts presents many challenges, as their shape are influenced by how they are held during the measurement process. Given their shape-sensitive behavior, nonrigid parts can no longer be measured in a free-state and are therefore commonly measured on hard (i.e., physical) inspection fixtures. For example, an aerospace panel can be lightly warped making its measurements in a free-state hardly representative of the part's shape when assembled on the airframe. Specifying, tolerancing and inspecting the geometric and dimensional requirements of such parts must therefore be dealt with differently than with rigid parts.
Specifying the geometric and dimensional tolerances of a part is an essential step in communicating the quality requirements of the final manufactured parts. Standards such as the American Society of Mechanical Engineers (ASME) Y14.5 [1] and the International Organization for Standardization (ISO) 1101 [2] state that the manufactured part's specifications are to be evaluated in a free-state unless otherwise specified. Exemptions to this rule are given for nonrigid parts. The revised versions of the ASME Y14.5 (2009) [1] and ISO 10579 [3] standards describe more clearly these exemptions. A categorization of the specification methods used for the geometric dimensioning and tolerancing (GD&T) of nonrigid parts under the ASME and ISO standards [1] [2] [3] is presented by Abenhaim et al. [4] .
The specifications of such part often mandate that the dimensional requirements must be respected in a restrained condition. For aerospace panels, it is common to include a note authorizing the use of limited forces to mount the part on its fixture (see Fig. 1 ). Thereafter, the geometric and dimensional specifications must be assigned tolerances to take into account the part's manufacturing process.
Tolerance allocation and analysis methods present a rational basis for assigning tolerances to dimensions. Traditional methods assume parts are rigid and thus fail to take into consideration permissible displacements during the assembly of nonrigid parts. These permissible displacements result from the compliant behavior of the nonrigid parts. [8, 9] . Thence forth, a vast amount of research has been conducted in the tolerance allocation and analysis of compliant assemblies. A review of these research is presented by
Mounaud et al. [10] , as well as by Chen et al. [11] .
Once parts are manufactured, they must be inspected to ensure that their GD&T specifications are met. Inspection methods allow one to evaluate the deviations of parts with respect to their assigned tolerances. Given the growing shape complexity of parts and the democratization of 3D non-contact measurement technologies, recent trends in dimensional inspection methods have focused on minimizing the inspection cost by removing the need for the use of hard inspection fixtures. Well-documented efforts to develop fixtureless inspection methods for rigid parts have been documented [12] [13] [14] .
Traditional rigid registration methods remove the need for expensive fixtures and reduce the inspection setup time by aligning the scanned manufactured part's dataset to its nominal CAD model. This is true only when dealing with rigid parts, since the purpose of inspection fixtures when dealing with nonrigid parts is twofold: aligning the parts with their reference frame and maintaining them in a desired shape during the measurement process.
Fixtureless inspection methods for nonrigid parts need to fulfill the two aforementioned purposes of inspection fixtures. The challenge to overcome by these methods is to compensate for the shape changes of nonrigid parts when they are not mounted on their fixture (i.e., when in a free-state). Abenhaim et al. [4] provide a review of the recent advancements into fixtureless inspection methods. An actively investigated approach by researchers in the field is referred to as the simulated displacements methods [4] . This approach relies on numerical methods to virtually compare the shape of the measured part in a free-state condition with its nominal CAD model. Methods using this approach impose displacements on either the point cloud of the free-state part, or its nominal CAD to map one to the shape of the other. This enables comparison.
Transforming the point cloud of the free-state manufactured part to reflect the part's shape mounted on its inspection fixture is a complex process. It must be accomplished without masking the manufactured part's deviations.
The transformation must represent only the shape changes induced to the part by the mounting method and the gravity load.
Based on a FE analysis of the part's nominal model, simulated displacements methods in refs. [15] [16] [17] [18] [19] [20] [21] map the meshed nominal CAD model to the manufactured part's point cloud. This mapping process is based on the minimization of a spring-mass system by Jaramillo et al. [22] , and on a transformation model that maintains the coherence of the CAD model's topology by refs. [23, 24] .
Preserving with the industrial practice of comparing the restrained manufactured part with its nominal CAD model, simulated displacements methods in refs. [25] [26] [27] Notwithstanding the endeavor of building an appropriate FE mesh from a point cloud, imposing the relevant boundary conditions on the FE model is a major factor contributing to the reliability of the FE analysis results [28] .
The limits of the underlying principles of methods imposing predetermined displacements values on boundary nodes for the inspection of an aerospace panel are highlighted by Abenhaim et al. [29] . The paper demonstrates that uncertainties in the position of features (e.g., hole center, datum target points) on the FE model of the scanned free-state manufactured part, used to set the boundary conditions in the FE model to simulate the scanned part mounted on its inspection fixture, are sufficient to give way to an unacceptably high shape errors in the FE predicted shape of the studied In addition to these drawbacks, current approaches do not take into account the forces used to restrain the part during inspection, as commonly mandated for aerospace panels.
To address these shortcomings, this paper presents a virtual fixture method that does not demand the pre-processing of the point cloud of the manufactured part into a FE model and ensures that the estimated forces necessary to mount the part do not exceed the assembly's force specification.
Removing the pre-processing step is achieved by inferring the part's struc- Before any substantive discussion can transpire from the proposed method, it is necessary to take a moment to explain the way in which this paper will unfold. The first section introduces the challenges involved in inspecting flexible parts. Having established these challenges, Sec. 2 details the proposed virtual fixture method by first describing each of its modules and then combining them in a step procedure. Section 3 presents two experimental studies on physical parts to evaluate the method's performance.
Finally, Sec. 4 discusses the finding of this paper and the directions for future research.
The proposed virtual fixture method
Instead of mounting the manufactured part on a traditional hard fixture during inspection, the proposed method simulates the mounting step by virtually restraining the free-state manufactured part's point cloud. The method simulates the hard-fixture inspection by essentially mapping the point cloud to the nominal model using information retrieved from the FE model of the nominal CAD model.
The following subsections begin by presenting the method's preprocessing step. Then, the four major modules of the method are presented:
pre-registration, nonrigid registration, transformation, and evaluation. The pre-registration module aligns the CAD model and the point cloud using landmarks followed by a refined registration. Next, the nonrigid registration module estimates a set of restraining forces within a user-specified limit as well as a translation matrix, for each pre-selected data-point of the scanned part, that transform the point cloud into a shape shape reflecting the part mounted on its fixture. The resulting translations are then applied to each pre-selected data-point of the scanned part to generate a new point cloud of the manufactured part. The new point cloud of the manufactured part is then compared to the CAD model to evaluate the deviations between them.
Finally, this section combines these four modules to present the virtual fixture method as a step-based process, as shown in the flowchart Fig. 3 and 6.
Pre-processing step
Given the digital product definition, which includes the part's nominal CAD model and the GD&T specifications, the pre-processing step seeks to retrieve the equation system representing the structural behavior of the part. Drawn from the part's GD&T specifications, let
, b i ∈ S} be a set of N B nodes in regions that must be constrained during the inspection (e.g., region around screw holes), and,
unconstrained during the inspection, that are to be used to evaluate the design requirements (e.g., profile) such that
} be the list of nodes B in each landmark region corresponding to regions that must be constrained during the inspection, N L the number of landmark regions, and N BL(i) the number of nodes per
and, 
where f is the nodal forces, K the global stiffness matrix and u the nodal displacements.
Hereinafter, the nodal forces refers to the forces' X , Y and Z components, and the nodal displacements refers to the displacement's translation vector.
Rotational components of the nodal forces and displacements are not taken into further account given that they are non-significant compared to the translations components; in addition, this simplification will help reduce the computational time of the proposed method.
The linear matrix equation (Eq. 1) can be condensed into a smaller matrix system corresponding to a number of selected degrees of freedom (DOF). This procedure is commonly referred to as Substructuring or Static Condensation [30] . The resulting matrices are super-elements that describe the equivalent stiffness and nodal forces for an entire part in terms of the selected DOF. 
where f B and f D are the nodal forces at nodes B and D respectively.
Assuming that the gravity force has a negligible effect when the part is restrained (i.e., sufficient restrains have been specified), that is to say that no forces are applied on points D, the displacements of nodes D with respect to the displacements u B can be deduced from the re-written stiffness equation (Eq. 2) as:
Furthermore, the nodal forces at nodes B can be written as:
Finally, by combining the two previous equations (Eq. 3 and Eq. 4), the displacements u B with respect to the nodal forces f B can be expressed as:
To summarize, the pre-processing step, systematized in 
Pre-registration
Given that the discretized CAD model outer-surface S o and the scanned point cloud (P) are in distinct coordinate systems, the pre-alignment of the two coordinate systems is achieved using a coarse and a fine rigid registration approach. Mathematically, rigid registration refers to finding the three dimensional translation vector q T ∈ R 3×1 and the three dimensional rotation matrix R ∈ R 3×3 that minimize the Euclidean distance between the two sets.
The registration problem is represented by the objective function g:
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? A ? A where c j ∈ C and C are the set of N j points in P closest to the set of points
} a set of N P points representing the free-state manufactured part's point cloud.
The coarse rigid registration estimates the transformation matrices by minimizing the registration objective function (Eq. 6) with the Nelder-Mead
Simplex method using identifiable landmark corresponding points, which may be manually selected in each set. This allows for the fine registration to be performed using an ICP-like method [31] to align the point set P on the discretized CAD model outer-surfaces (S o ). The outcome of the pre-alignment method is a point set P 
Nonrigid registration
The shape of the scanned part and the nominal CAD model being different, the registration problem is not limited to finding a rigid transformation but also entails the introduction of non-rigid registration. Transforming the scanned point cloud into a shape that more closely resembles the CAD model, according to the intended restraining conditions during inspection (i.e., datums and restraining force limits) is a complex process. It must be accomplished without concealing the manufactured part's deviations. This is achieved herein through the proposed nonrigid registration method by embedding a FE-based transformation model in a constrained optimization. By presuming that the scanned part (P) has the same mechanical properties as the FE mesh (S) with no initial stresses or strains and that its behavior can be formulated as a linear static problem with small displacements, the equations governing the displacement of points B and D with respect to the applied force f B (Eq. 3, Eq. 5) are re-written as follows:
where f 
The boundary displacement constrained optimization
Having established the FE-based transformation model, the boundary displacement constrained optimization (BDCO) seeks to minimize a distancebased similarity criterion (E D ) between points in unconstrained regions while maintaining a distance-based similarity criterion (E B ) between points in constrained regions within specified contact distances (T ), and at the same time,
limiting the magnitude and direction of the forces (f
• B
). This module has been briefly presented in ref. [32] and tested on simulated case studies. The approach solves the following constrained optimization problem illustrated in arg min 
The magnitude f 
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with the normal vectorn 
The inequality constraints.
The inequality constraints impose that the induced displacements on each point in the constrained regions (b 
. . .
The objective function. 
where 
Transformation step
The transformation step maps points B
• to B
• (1) , as well as
using the estimated force f 
Deviations δ B are computed in a similar way as δ D .
The algorithm
Having explained the method's pre-processing step and its four major modules, it is now possible to fully present the proposed virtual fixture method described in the following steps, and schematically shown in Fig. 6 .
Starting with the outputs of the pre-processing step and the point cloud representing the free-state manufactured part (P), the method proceeds as follows: in Fig. 7(a) . The free-state part's point cloud was captured when the part was positioned on (i.e., not forced upon) a set of supports. Specifically, the supports were those of the fixture except that the height of fourteen (14) , and is shown in Fig. 8 . The part has a thickness of 1.016 mm [0.04 in]. The part's reference frame is illustrated in Fig. 9 . The the free-state part's point cloud, shown in Fig. 9(b) , was captured when the part was positioned on (i.e., not forced upon) its fixture. Figure 10 illustrates To assess the proposed method's performance in a real world application, the profile deviations evaluated by measuring the parts maintained on their original fixture arrangement (shown in Fig. 12(a) and Fig. 13 ) are compared to those obtained by using the proposed method (as presented in Regardless of the measured data's discrepancies, a significant contributor to the proposed method's error is the initial shape difference between the free-state and the nominal shapes. The reason is that the method infers the structural behavior from the CAD model's FE analysis (i.e., undeformed shape) and assumes a linear static problem with small displacements.
Finally, although the maximum permitted force's specification is implicitly respected by the proposed method, the method's output estimated forces necessary to conform the free-state physical parts are shown in Fig. 11 . The forces used to physically mount the parts on their fixture are not available, though, it is known that they did not exceed the maximum force of 50 N . 
Conclusion
This paper has presented a new computational metrology method allow- Magnitude of the force for the constrained region L (i) .
E D Distance-based similarity criterion between points in unconstrained regions.
E B
Distance-based similarity criterion between points in constrained regions.
T

Set of contact distance values.
δ D Estimated deviations of points D
• (1) .
